I. INTRODUCTION
A microwave Hilbert transformer, also known as a quadrature filter, is among the very important signal processing blocks for microwave signal processing. It is widely employed for applications such as microwave communications, radars, and modern instrumentation [1] - [3] . Hilbert transformers can be implemented electronically. For example, an electronic discretetime Hilbert transformer was proposed in [4] , which was used to achieve single-sideband modulation. By using an integrated microwave delay-line filter, a Hilbert transformer operating at 10 GHz was demonstrated [5] . Electronic Hilbert transformers were also demonstrated for edge and corner detection of digital images [6] , [7] . Hilbert transformers can also be implemented optically. In general, there are two types of photonic Hilbert transformers. The first type are used for the processing of optical signals, and simply called all-optical Hilbert transformers. The second type are used to process microwave signals, and are usually called microwave photonic Hilbert transformers (MPHT). An all-optical Hilbert transformer for processing optical signals can be implemented using an optical notch filter such as a fiber Bragg grating (FBG) [8] - [10] , an optical interferometer [11] , or an integrated optical ring resonator [12] . In an all-optical Hilbert transformer, the wavelength of the optical carrier is placed exactly at the notch of the filter, and the Hilbert transformation of the optical signal is achieved thanks to a π phase shift at the notch, to introduce π/2 to the negative spectral components and −π/2 to the positive spectral components. Usually, an alloptical Hilbert transformer can have a bandwidth as large as several tens or hundreds of gigahertz or even terahertz [13] . However, an all-optical Hilbert transformer cannot be directly used for microwave signal processing, since the π phase shift is introduced to the optical spectrum rather than the microwave spectrum, although the microwave signal to be processed is modulated on an optical carrier.
To realize an MPHT that can process microwave signals in the optical domain, the Hilbert transformer must be designed to have a microwave frequency response that corresponds to a microwave Hilbert transformer [14] - [17] . In [14] , a four-tap delay line microwave photonic filter (MPF) was demonstrated for the implementation of an MPHT. Its application for instantaneous frequency measurement was presented in [15] . The system in [14] and [15] is relatively complicated and costly due to the use of two MZMs and a wideband microwave divider. A simplified MPHT was recently demonstrated using a single polarization modulator (PolM) [16] and a delay-line structure with nonuniformly spaced taps [17] . The major limitation of the MPHT in [14] - [17] is that multiple wavelengths corresponding to the multiple taps are required. To implement such an MPHT, the wavelength spacing should be tunable, making the system very complicated and costly. In addition, the spectral response of such an MPHT is periodic. For many applications, such as multi-channel microwave communications, an MPHT with a single passband is needed.
Recently, a single passband MPF based on a broadband optical source and a Mach-Zehnder interferometer (MZI) was proposed [18] . The central frequency of the passband can be tuned by changing the length difference between the two arms in the MZI and the shape of the passband can be controlled by the tailoring the spectrum shape of the optical source. The concept has been improved to avoid dispersion-induced power penalty by placing the modulator in one arm of the MZI [19] . In addition, the frequency response of the filter can be controlled to have a quadratic phase response or a narrow passband by adding an optical phase filter, such as a chirped fiber Bragg grating (CFBG) [20] or a programmable optical filter [21] in one arm of the MZI. Therefore, by using a proper optical phase filter in the MZI, we are able to achieve an MPF with a spectral response corresponding to a microwave Hilbert transformer.
In this paper, we propose and demonstrate an MPHT with a single passband and a wideband frequency tunable range based on a single passband MPF. The MPF consists of a broadband optical source, an MZI incorporating a phase modulator (PM) in one arm and a phase-shifted chirped fiber Bragg grating (PS-CFBG) in the other arm, a dispersive fiber, and a photodetector (PD). The key to implement an MPHT is to introduce a π phase shift to the center of the passband, which is realized using the PS-CFBG in the MZI, to translate the phase jump at the notch of the PS-CFBG to the passband of the MPF. The bandwidth of the MPHT is determined by the bandwidth of the broadband source and the dispersion of the PS-CFBG. The central frequency of the MPHT can be tunable by changing the length difference between the two arms of the MZI. A theoretical study is performed, which is verified by simulations and an experiment. In the experiment, an MPHT with a bandwidth of 1.70 GHz and a continuously frequency tunable range from 5 to 15 GHz is demonstrated.
II. PRINCIPLE
The frequency response of an MPHT can be expressed as
where Ω is the microwave angular frequency and Ω 0 is the frequency of the microwave carrier. As can be seen from (1), the MPHT has a unity magnitude response over an infinite bandwidth and a π phase jump at Ω = Ω 0 . For a practical MPHT, the bandwidth should be finite. Thus, there is a bandwidth in which (1) is satisfied, and the bandwidth is defined as the bandwidth of the microwave Hilbert transformation. For many applications, this band-limited feature is important since the MPHT can not only perform Hilbert transformation, but also bandpass filtering. The schematic for the proposed MPHT is shown in Fig. 1 . A broadband lightwave from an amplified spontaneous emission (ASE) source is coupled into an MZI through an optical coupler (OC1). In the upper arm of the MZI, a tunable optical delay line (TDL) is incorporated to change the length difference between the two arms of the MZI, and a PS-CFBG operating in the reflection mode through an optical circulator is connected in the arm. The PS-CFBG will provide a π phase-shift at its central wavelength of the notch. In the lower arm of the MZI, a PM is incorporated to which a microwave signal to be Hilbert transformed is applied. After being combined at the OC2, the lightwave from the MZI travels through a length of dispersion compensating fiber (DCF), and then, detected at the PD. The input and output ports of the MPHT are shown in the figure. A vector network analyzer (VNA) is used to measure the frequency response of the MPHT. An arbitrary waveform generator (AWG) and a real-time oscilloscope are used to generate the signal to be processed and sample the output signal, respectively.
Since the PS-CFBG has a quadratic phase response within its reflection band and a π phase-shift at its central wavelength of the notch [22] , the optical spectrum after travelling through the upper arm of the MZI can be written as
whereE 0 (ω)is the spectrum of the ASE source, ω is the angular frequency of the optical wave, Δt is the time delay difference between the two arms of the MZI, which can be controlled by tuning the TDL, β F is the dispersion coefficient of the PS-CFBG, ω 0 is the central angular frequency of the PS-CBFG, and ϕ (ω)is the phase change introduced by the PS-CFBG. It is known that for a π-phase-shifted CFBG, we have ϕ (ω) = 0 for ω < ω 0 , and ϕ (ω) = π for ω > ω 0 [22] . When no microwave signal is applied to the PM, the optical spectrum after travelling through the lower arm of the MZI can be simply written as E 2 (ω) = √ 2/2 · E 0 (ω). Then, E 1 (ω) and E 2 (ω) are combined at OC2, the total optical spectrum at the output of OC2 is given by
.
The transfer function of the MZI is then given by
Then, the lightwave is sent to the DCF with a dispersion coefficient of β D and detected at the PD. The system can be seen as an MPF with a frequency response given by [19] , [20] 
where Ω is again the angular frequency of the microwave signal applied to the PM; N (ω) and δω are the optical power density and the bandwidth of the ASE source, respectively. The baseband response induced by the constant of 1 in (4) is ignored in (5) . Assuming that the ASE source has a flat spectrum, it can be seen from (5) that the frequency response of the MPF should have a shape corresponding to the Fourier transformation of the MZI transfer function T (Ω) centered at
which is proportional to the time delay difference between the two arms of the MZI. Here, T (ω) is a sinusoidal function with a linearly varying free-spectrum range (FSR) induced by the quadratic term of ω in (4), and a phase shift at its center represented by ϕ (ω). The single passband MPF proposed here can be seen as a finite impulse response (FIR) filter with a tap spacing approaching to zero thanks to the use of an ASE Source that has a continuous spectrum. Thus, the FSR of the filter is approaching to infinite, leading to a spectral response with a single passband. The π phase shift at ω = ω 0 due to the PS-CFBG would introduce positive and negative taps to the short and long wavelength halves of the spectrum (separated at ω 0 ), respectively, leading to a notch at the center of the magnitude response and a π phase shift at the center of the phase response. This is a frequency response that corresponds to a single passband MPHT. The bandwidth of the MPF can be calculated by [20] 
where B O is the bandwidth of the PS-CFBG. As can be seen, the bandwidth of the MPF is independent of the time delay difference between the two arms of the MZI. Based on (5), the frequency response of the MPF is simulated. In the simulation, we choose the dispersion coefficient of the DCF β D = 432 ps 2 and the bandwidth of the ASE source δω = 2π × 1 THz. First, the frequency response and the bandwidth of the MPF are studied. In this case, the length difference between the two arms of the MZI is set to be 8.4 mm, which corresponds to a passband centered at 15 GHz. Two different dispersion coefficients of the PS-CFBG at two values of 0 and 
ps
2 are considered. The simulation results are shown in Fig. 2(a) and (b), corresponding to the two different dispersion coefficients. As can be seen a passband with a notch at the center is achieved. A π phase-shift at the notch frequency can also be seen. The simulation results confirm that the MPF has a frequency response that is required to achieve a singlepassband MPHT. In addition, by comparing Fig. 2(a) and (b) , we can see that by changing the value of β F , the bandwidth of the passband (i.e., the bandwidth of the MPHT) can be changed. This feature is important since an MPHT with different bandwidths may be needed for different applications. For example, in a multi-channel microwave communication system, an MPHT with bandwidth close to the channel spacing should be used. In the simulation, when β F = 0.6 ps 2 , the MPHT has an operational bandwidth of around 1.70 GHz, which is suitable for applications in a multi-channel microwave communication system, where the channel spacing is about 1.70 GHz.
Then, the frequency tunability of the MPHT is investigated. To do so, we change the length difference between the two arms of the MZI by tuning the TDL. The simulated magnitude response is shown in Fig. 3 . In the simulation, the dispersion coefficient for the DCF is set at β F = 0.6 ps 2 and the MZI length difference is tuned at 2.8, 5.6, and 8.4 mm. A single passband MPF with a notch at the center is obtained. The central frequency of the filter varies linearly as a function of the length difference, as predicted by (6) . For the three length difference values of 2.8, 5.6, and 8.4 mm, the center frequencies of the MPF are 5, 10, and 15 GHz, respectively. As the bandwidth of the MPF is only decided by the optical spectral bandwidth and dispersion coefficients of the PS-CFBG and DCF according to (7) , the shape of the frequency response is maintained unchanged when the central frequency of the MPF is tuned. This is different from an MPHT based on a delay-line structure, where the frequency tuning would lead to the change of the shape of the frequency response [16] , [17] . This is another important feature that is highly required for many applications.
III. EXPERIMENT
An experiment based on the setup shown in Fig. 1 is performed to evaluate the operation of the proposed singlepassband MPHT. The system consists of an ASE source, an MZI incorporating a PM in one arm and a TDL and a programmable optical filter (POF) in the other arm, a DCF, and a PD. A broadband lightwave from the ASE source is sent to the MZI via a 1 × 2 optical coupler (OC1). Since the PM in the lower arm only supports linear polarization along one direction, to minimize the polarization-dependent loss, the lightwave from the ASE source is linearly polarized by a polarizer before it is launched into the MZI, and sent to the PM via a polarization controller (PC1). A POF (Finisar WaveShaper 4000S) in the upper arm instead of the PS-CFBG is used. It is configured to function as the PS-CFBG, with a passband of 1 THz wide and a quadratic phase response in the passband. In addition, a π phase-shift at the central wavelength of 1550 nm is also incorporated. A VNA (Agilent E8364A) is connected to the PD via an electrical amplifier (EA1) to measure the frequency response of the MPHT. A microwave signal generated by mixing a waveform from an AWG (Tektronix AWG7102) with a microwave carrier from the VNA at a mixer is then applied to the PM after amplification by an electrical amplifier (EA2). A real-time oscilloscope (Agilent 93204A) is also connected at the output of the PD to record the temporal waveform from the MPHT.
We first measure the frequency response of the MPHT. To do so, the AWG is set to generate a sequence of "1" bit (high voltage level). The TDL is tuned such that the length difference between the two arms of the MZI corresponds to a central frequency of 15 GHz. The quadratic phase of the POF is set to be β F = 0.6 ps 2 , a value identical to that used in the simulation. The measured frequency response of the MPHT is shown in Fig. 4 . A flat-top microwave filter at 15 GHz with a bandwidth of 1.70 GHz and a notch of 300 MHz is achieved. In the phase response, a π phase-shift is observed at the center of the notch. The linear phase response of the link is calibrated in the measurement. It can be seen that the measured result is in good agreement with the simulation results.
Then, the frequency tunability is studied. The central frequency of the MPHT is tuned by tuning the TDL. As shown in Fig. 5 , when the length difference is tuned from 2.8 to 8.4 mm, the central frequency of the MPHT is changed from 5 to 15 GHz, while the shape of the filter response is maintained unchanged. Again, the experimental results agree well with the simulation results shown in Fig. 3 . Since the MPHT has large frequency tunability, it can be used to not only perform microwave Hilbert transformation but also do microwave filtering, to select the channel of interest in a multi-channel microwave communications system.
The MPHT is then used to realize real-time Hilbert transformation of a microwave signal. An electrical Gaussian pulse train with a repetition rate of 20 MHz is generated by the AWG. The full-width at half-maximum of an individual pulse in the pulse train is 3.2 ns. A microwave carrier generated by the VNA is mixed with the Gaussian pulse train and sent to the PM. The central frequency of the MPHT is tuned by tuning the TDL to be identical to the frequency of the microwave carrier. The signal at the output of the MPHT is sampled by the OSC. In the experiment, the microwave carrier frequency of the microwave carrier is tuned at 7.3 and 8.0 GHz. Due to the limited bandwidths of the EAs (EA1 and EA2) and the mixer, no other frequencies are tested.
First, the MPHT is configured to operate at 7.3 GHz. The Gaussian pulse train modulated on the 7.3 GHz microwave carrier is applied to the PM. Fig. 6(a) shows the waveform at the output of the PD. As can be seen the Gaussian pulse is Hilbert transformed. The signal-to-noise ratio (SNR) of the signal is relatively poor because of the high noise from the ASE source, and the noises from the PM and the PD.
Since the Gaussian waveform is modulated on a microwave carrier, we may get the Hilbert transformed Gaussian waveform by down-converting the signal at the output of the PD by mixing the signal with the same microwave carrier and then using a low-pass filter. Fig. 6(b) shows the down-converted waveform (solid line). A theoretically calculated waveform corresponding to an ideal Hilbert-transformed Gaussian pulse is also shown for comparison (dashed line). As can be seen, a good agreement is reached.
Then, the microwave carrier frequency is tuned to 8.0 GHz. To process the microwave signal at 8 GHz, the center frequency of the MPHT is also tuned at 8 GHz, which is done by tuning the length difference at 4.48 mm by tuning the TDL. The waveform at the output the MPHT is again captured by the OSC, which is shown in Fig. 6(c) . Again, to show the Hilbert-transformed Gaussian pulse, the signal at the output of the PD is mixed with the same microwave carrier at 8 GHz and filtered by a low-pass filter, with the result shown in Fig. 6(d) (solid line ). An ideal Hilbert transformed Gaussian pulse is also shown (dashed line). Again, a good agreement is reached.
IV. CONCLUSION
We have proposed and demonstrated a microwave Hilbert transformer with a single passband and a wideband frequency tunable range based on an MPF. The MPF was implemented using a broadband light source, an MZI incorporating a PM in one arm and a PS-CFBG in the other arm, a DCF, and a PD, which had a frequency response corresponding to a single-passband MPHT. The single passband was realized due to the use of a broadband light source. The frequency tunability was realized by tuning the time delay difference between the two arms of the MZI. A theoretical analysis was performed, which was verified by simulations and an experiment. In the experiment, an MPHT with a bandwidth of 1.70 GHz and a continuously tunable frequency from 5 to 15 GHz was demonstrated. The use of the MPHT to perform Hilbert transformation of a microwave signal with a carrier frequency at 7.3 and 8.0 GHz was demonstrated. The proposed MPHT can find applications in multi-channel microwave communication systems where the signal processors are expect to perform signal processing as well as channel selection.
